Introduction and summary
Quasi-crystals are characterized by a discrete Fourier spectrum with a symmetry incompatlble with that of a crystal [Il. Unlike the standard incommensurate structures. they cannot be described as a crystal structure where the atomic positions are modulated as a periodic function of the space. These quasi-crystal structures can be considered as examples of "weakly peri.odic structures" the existence of which was conjectured i n an earlier paper 121.
In the one dimensional case, the projection method consists i n a projection of a strip of a two dimensional lattice on a line of arbitrary slope (F~Q. 2). However. Only standard one dimensional incommensurate structures with an average lattice periodically modulated i n space are thus obtained, for an irrational slope. In that sense such structures cannot be considered as one-dimensional quasi-crystals.
This talk is devoted to some considerations on the type of order that one finds in a one-dimensional quasi-lattice or i n an incommensurate structure with no average lattice. Details can be found in Ref. 2. This property is related to a mathematical theorem due to Kesten in Discrepancy Theory. We give simple arguments which illustrate the theorem in physical terms.
3. The model is equivalent to a circle map with unusual mathematical properties : it i s ergodic, mixing and has zero entropy .
4. This map is a natural generalization of the transformation obtained by the projection method in one dimension.
These resul t s suggest extensions in higher dimension.
The model
We consider a chain of atoms j with coordinates u, such that the distance between two consecutive atoms i s 1 , or 21, , 1, being an arbitrary given number. This chain i s submitted to a periodic potential with period 2n, that for simpllcity we take sinusoidal ( Fig. 1) . For a given concentration c of links 21, (not too large) we can find the ground state of the model.
We have to mlnimize the potential energy of the chain
on the space of configurations [uj) fulfilling the constraints :
uj+,-u -1 or 21, and c=c, given. . This property means that the trajectories for al1 initial point are dense on the whole set W' and implies that the ground state structure has the property of "weak periodicity" or equivalently of "local order at al1 scales".
J-
Fluctuation of the ma0 T with r e s~e c t to a uniform averaae rotation maD.
Transformation T can also be written : In one dimension, the simplest incommensurate structure (un) with one atom per unit cell, i s given by :
un= uo + n 1 + g (q n) 
Fourier spectrum of the ground-state
Since the vacancy densi ty def ined by T is periodical ly modulated, the Fourier spectrum of the ground state of mode1 ( 1 -2) i s discrete. The atomic density
is the product of two periodic functions which have the periods 2n and Io respectively.
Consequently the structure factor
can be written as : Assuming that the ground-state lu,,) can also be described as a displacive incommensurate structure, it i s possible t o prove that the width of the window W can be written in the form D = r 1 , mod 2n [14] . In other words there cannot exist any summable periodic hull function for the ground-state when A i s not a multiple of 1 , (mod 2n) and that there exists one when A i s a multiple of 1 , .
Connection with the projection method
Finally let us note that, in the simple case A= 1 , , the ground-state of Our mode1 i s an incommensurate structure isomorphic to the one obtained by the projection method Therefore the structure generated by the projection method i n the one dimensional case i s a standard incornmensurate structure with a bounded periodic modulation. For that reason it is not the analogous of a quasi-crystal. 
